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1. Introduction 


In recent years, some progress in the understanding of branes on the target spaces of 
gauged WZW models has been made. Using the Lagrangian approach to WZW models 
developed in [[I] , 0 and , in [|J and 0 D-branes in the vectorially gauged WZW models 
were constructed. 

But it was shown in |[| that in order to construct gauge invariant WZW model it is 
enough to satisfy the condition 


~ Ta^Tb^) — 0 , ( 1 . 1 ) 

where T a i and T a r are any generators of the left and right embedding of the gauge group. 
The vectorial and axial gauging correspond to the trivial solutions of ( |1.1|) T a ^ — T a /,> 
and T a ^L — —T a .R. Consequently it is an intersting problem to find boundary conditions 
invariant under gauge transformations providing the general solution of ( |1.1|) . 

In |7j and § new boundary conditions were found admitting axial gauging for an 
abelian gauge group. In IJ , the DBI action of the D-branes defined by these boundary 
conditions was computed for the group SU{2). 

Here, using the D-branes found in those works, and their diagonal embedding in prod¬ 
ucts of groups, suggested in [|K| , we present boundary conditions invariant under an asym¬ 
metric action of an abelian gauge group used in the Nappi-Witten |TlJ and Guadagnini- 

. 0 models. Recently these models have attracted a lof of 


Martellini-Mintchev 


attention. The Nappi-Witten model was used to construct cosmological model of the pre 
big-bang class [[L4| . The Guadagnini-Martellini-Mintchev model provides an example of 
the T p,q spaces |15[] . We believe that the study of the D-brane dynamics in these models 
will shed additional light on their properties. 

This paper is organised in the following way. 

In section 2 we review some facts about non-maximally-symmetric D-branes necessary 
for further use. 

In section 3 we present D-branes in the Nappi-Witten model, construct the action 
with these boundary conditions and check gauge invariance. 


In section 4 we study in detail D-branes in the Nappi-Witten model considered in |JT4 
and present the explicit equations of the corresponding hyper surfaces. 

In section 5, in a similar way D-branes in the Guadagnini-Martellini-Mintchev model 
are considered . 

In section 6 we consider in detail D-branes in the SU( 2) x SU(2)/U(1) GMM model. 
We show that D-branes are classified according to the Cardy theorem. We also present a 
semiclassical mass computation and check its agreement with the CFT prediction. 
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2. D-branes on group 

In this section we briefly review for further use the results of [jTJ and J9] on the non- 
maximally symmetric D-branes on group manifolds. 

It was shown in [jl| that in order to have a well-defined Lagrangian action of the 
WZW theory on a world-sheet with boundary, the boundary conditions should satisfy the 
following two requirements: 

1 . The restriction of the WZW three-form to the D-branes defined by the boundary 
conditions should belong to a trivial cohomology class, i.e. there should exist a two- 
form u>( 2 ' ) satisfying the equation 

^ WZ (tf)|brane = duj {2) . (2.1) 


It was shown that given a two-form satisfying ( j2.1|) the action can be written in the 


form 


where 


S = S(g,k) — / u 
J D 


( 2 ) 


S(g,k) = 


k_ 

47T 


f d 2 zL kin + 

[ w wz 

is 

' B 


( 2 . 2 ) 


(2.3) 


is the usual WZW action, D is an auxiliary disc joined to E along the boundary, completing 
it to the closed manifold, and B is a three-manifold satisfying the condition dB = E + D. 
It was understood in [16] and [17] that the two-form u/ 2 ) is equal to the antisymmetric 
part of the matrix giving the DBI action: 


Sdbi = f \J det(G + cefl 2 )), 


(2.4) 


or — B + F. 

2 . Some global topological restrictions may arise from the requirement of the indepen¬ 
dence of the action ( |2.2| ) from the actual position of the embedding of the auxiliary 
disk in the group manifold. We don’t discuss here these conditions, just stating the 
results. The details can be found, for example, in || . 

It was found in J2j] , that maximally-symmetric solutions to these conditions are quan¬ 
tized conjugacy classes : C — hfh -1 . The mentioned two-form was found and has the 
form 

(h) — h~ 1 dhfh~ 1 dhf~ 1 . (2.5) 
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Global topological restrictions demand that for compact groups / is quantized and equals 


/ = e^ A ' H , ( 2 . 6 ) 

where A are the heighest weights and H are the Cartan algebra generators. For example, 
in the case of the SU{2 ) group important for us the branes are given by the quantized set 

/ = e^ CT3 , (2.7) 


where 


7 2t ij . k 

w — ——, 7 = 0...—. 

r k ’ J 2 


(2.8) 


These D-branes correspond to the Cardy boundary states of the corresponding CFT model 
18] . In (19)] the non-maximally symmetric set of boundary states was found, and in 
[7j] their description in the Lagrangian formalism was suggested. It was shown that the 
corresponding D-branes can be defined as the product of a 17(1) subgroup and a conjugacy 
class ^boundary = md = mhfh -1 , where to G 17(1). The corresponding two-form was 
found to be 

a )( 2 \m,h) — — Tv(m~ 1 dmdCC~ 1 ). (2.9) 


The topological restrictions demand that conjugacy classes belong to the same quantized 
set ( |2.6|) . In section 6 we will need some details about the non-maximally symmetric 
D-branes on SU(2). In [|9j , the two-form ( |2.9|) was computed for the case of branes on 
SU(2). In the Euler angle parametrisation 


9 


= e zx 


Z3 i9 . 
2 e ™ 


2 e 


up- 


( 2 . 10 ) 


it was shown that 


w 2 (to, h) — B + F — 


cos t/i tan | 


6 


2 dO A (dx — dip) — 2 sin 2 A dip. 
cos 2 | — cos 2 ^ 


( 2 . 11 ) 


3. D-branes in the Nappi-Witten model 


Let us consider the gauged WZW model G/H defined in the following way pTl] . One 


takes G — Gi x G 2 and chooses two U(l) subgroups 17(1) 1 G G\ and 17(1)2 G (j 2 - As 
gauge group H one takes a product of the two U(l) groups, parametrized by p and r, 
H — U(l) p x U(1) T , with embeddings em p j : U(l) p —*• 17(l)i, em P) 2 : U(l) p —> 17(1)2, 


3 














em T i : U( 1) T —> U( l)i, em Tj2 : U( 1) T —> C/(l) 2 - We assume that C/(l)i is generated by 
ai, U( l)i = e zAiai and U( 1 ) 2 by a 2 : f7(l) 2 = e lA2 “ 2 anc [ ^he generators are normalized in 
the usual way, Tr a 2 — Tra| = 2. The action of H we take in the form 


(91,92) -> (hig^h^gzh^)), 

where 

/i! = em Pjl (/i p ) = e ippai , 
h\ = enip j 2 (h p ) - e i9p ° 2 , 

h p eU (l) p , and 

h 2 = em T i(h T ) = e zpTai , 
h ' 2 = em Tj2 (/i T ) = e* 9 ™ 2 , 

where h T £ U ( 1 ) T . 

The action of the model in the absence of a boundary is 


(3.1) 


(3.2) 


(3.3) 


S — S(gi, ki) + S(g 2 , k 2 ) + S(g 1 , g 2 , A 1: A 2 ), 


(3.4) 


where S(gi,ki), i — 1,2 are the usual WZW actions given by ( |2.3|) and S(gi, g 2 , Ai, A 2 ) 
makes the action gauge invariant. Its explicit form is not important here for us and can 
be found in 0 . For gauge invariance, the levels k±, k 2 , and embedding coefficients p. q 
should satisfy 

kip 2 = k 2 q 2 . (3.5) 


Now we consider the model in the presence of a boundary. We take the U(l) a group 
parametrized by a and consider embeddings em a . 1 : U(l) a —> U( l)i, and em Qi2 : 
U(l) a —> U( 1) 2 . We define the boundary conditions 


9 (fiT 92) (boundary (®1 , m 2 C 2 ), 


(3.6) 


where 


mi = em a ,i(m a ) = e * p ( a+7 i)“i, 
m 2 = em a ^ 2 {m a ) — e ' iq<y0i+1 ‘ 2 ^ a ‘ 2 , 


(3.7) 


and m a G f7(l) a , Ci = and C 2 = ■ The parameters p and q are the 

same as in ( |3.2| ) and ( |3.3| ) . 71 and y 2 are possibly quantized [[L9| constants. 

In other words, we take as the D-branes diagonally embedded U(l)s multiplied by 
the conjugacy classes. These boundary conditions were recently suggested in 0 . Our 
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description ( |3.6|) is slightly different from that in [1C] , and more convenient for present 
purposes. 

Let us check that the boundary conditions ( |3.6|) are invariant under the gauge trans¬ 
formation (p.l|) : 


9 = ( 91 , 92 ) -> (higih 2 , h' 2 g 2 h () = (hikhfili 1 h 2 , h 2 kl 2 f 2 l 2 1 h' 1 ) = 

((/i 1 ^ 2 )(/ l 2 - 1 / 1 )/ 1 (/r 2 - 1 / 1 )- 1 ,(/i'^' 1 )(/i'r 1 Z 2 )/ 2 (V 1 / 2 )- 1 ). 


We see that the boundary conditions preserve their form under the gauge transformation, 
with modified parameters: 


a 


a + p + r, h 




hr 1 1 


(3.9) 


As explained in section 2, in the presence of a boundary the action should be modified by 
adding the boundary two-form J7| : 


S = S(g u k 1 )- 


h_ 

4:7 r 


w (2) (mi,li) -(- S(g 2 , k 2 ) - 


’D 


4n 


<D 


(n (2) (m 2 ,/ 2 ) + S(g 1 ,g 2 ,A 1 ,A 2 ), 

(3.10) 


where ccA 2 )(m, /) is dehned by ( |2.9| ) . 

We now check that ( |3.10|) is invariant under ( [>. 1| ) accompanied by ( |3.9|) . First we 
compute the change of 


Si 


S(gi,h)- 


4n 


cu 


(2) 


(muli 


’ D 


(3.11) 


under the transformations gi —> hig\h 2l mi —> him\h 2 and l\ —> h 2 1 li, resulting from the 
presence of the boundary. From the Polyakov-Wiegmann identity we get 


A hound S( gi , h) = f Tr(h^ 1 dtudm^ 1 + h^dh^C^ 1 + h^dh^dh^Ci 1 

4tt Jd 

+ C^m^dmxCxdh^ 1 + Ci 1 dCidh 2 hi 1 ). 

(3.12) 

Then we have 


A u f (l) = Ti(dh 2 hi l Ci l dC 1 + dh^dC^i 1 + dh 2 hi 1 C 1 dh 2 hi 1 Ci 1 ), (3.13) 

A (Tr (m ]” 1 dm 1 dCd Cf 1 )) = TV(-^ 1 dh^ 1 dh 2 + h^dludC^ 1 
+ h^ 1 dhiCidh 2 hi l C^ 1 — m^ 1 dmih^ 1 dh 2 + m^ 1 dmiCidh^^ 1 C^ 1 (3.14) 

+ h^dh^CxCi 1 + h~ 1 dh 2 C 1 dh 2 h^ 1 Ci 1 ). 
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Collecting ( |3.12| ) ,( |3.13| ) and ( |3.14|) we obtain 
ki r 


.bound 


s, = 


TV (h 2 l dh 2 m 1 l dmi — h x L dhidmim 1 1 — h x l dh x h 2 l dh 2 ). (3.15) 


,-i. 


-l 


-1 U- 1 . 


.- 1 . 


47T 


' D 


Similarly for S 2 we obtain 


k 2 


A bouna S 2 = ^ I Tr(h 1 - 1 dh' 1 m 2 1 dm 2 - h 2 1 dh' 2 dm 2 m 2 1 - hf L dh' 2 h x 1 dh'-y). (3.16) 

Jd 

Taking into account ( |3A|) , ( |3.3|) , (pT7|) and (|3.5|) we find that A bound S'i + A bound S , 2 = 0, 
proving the gauge invariance of the action ( |3.1Q ) . 


'-1 77 / 


.-1 1 '-1 77 / 7 '-1 77 / 


4. SL{2,R) x SU(2)/U(1) x 17(1) NW model 

Let us consider the SL(2,R) x ,517(2)/17(1) x 17(1) Nappi-Witten model. 

Here G\ — SL(2,R), G 2 — 7517(2), k\ = —k 2 , p — —i, q — 1, and the U(l) p x U(1) T 
gauge group acts in the following way: 

(01,00 - [e p<73 fiq e TCT3 , e iT<7s g 2 e ip<73 ). (4.1) 


The D-branes proposed in section 3 have the form 


^boundary 


( e (a+7i )*3C U e i{a+ ^ )a3 C 2 ), 


(4.2) 


where C\ — I\ j\l] 1 and C 2 — l 2 f 2 l 2 l are conjugacy classes, and f 2 belongs to the set 
([2 .71). 71 and 72 are possibly quantized constants. Now we describe this hypersurface in 
detail. For this purpose we introduce Euler angles for SL(2, R) and ,517(2), 


■y, ZA ie, Z3. (h, ZA 

cji — e Xl 2 e 1 2 e Vl 2 , 

(4,3) 

(To <7- 1 / (To 

0i = e Xl ~ e Tl ~ e 01 ~, 

(4.4) 

g 2 = e ix ^e i§ 2^ e ^ 2 ^, 

(4.5) 


where the first two formulae describe different patches of SL(2,R) and the last one is 
the usual Euler parametrisation for ,517(2). It is shown in |7 that in the Euler angle 
parametrisations the product of a 17(1) subgroup and a conjugacy class can be described 
by inequalities: e OLa3 C\ in the patch given by (|4.3|) is described by the condition 


0i . Tr h 

cos — < -, 

2 ~ 2 


(4.6) 
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and in the patch (|4.4|) by the condition 


cosh n < M 
2 “ 2 


(4.7) 


and e* a<T 3 C , 2 in the parametrisation (O) is given by the condition 


Oi . Tr / 2 

cos — > - 

2 “ 2 


(4.8) 


In order to find the equation of the D-brane hypersurface we should find a on the SL(2. R) 
and SU (2) sides and equate them to each other. It is easy to find the angle a in each case. 
Writing the boundary condition in the form e~ ar73 gi — C\ and taking the trace on both 
sides we easily obtain in the first patch: 


w , xi + <h^ Tr /i 

cosh(cr + 71 ---) = 


2 cos ^ 


(4.9) 


in the second patch: 


and for 577(2): 


, Xi + 4>i n , 
cosh(a + 71---J 


Tr/r 


cos(ct + 72 - 


X2 + 4>2 ■ 


2 cosh ’ 


Tr f 2 
2 cos 


(4.10) 


(4.11) 


We see that the conditions ( |4.6|) , ( [4.7] ) and (|4.8|) are necessary for the existence of solutions 
to eq. (|4.9|) , (|4 .1 0|) and ( |4. 1 1| ) respectively. Now using gauge fixing conditions xi — 0 and 
(j)i — 0 we can explicitly write down the D-brane hypersurface equation. In the first patch 
we have 


cosh ( arccos J _47 2 
\ \ 2 cos 


@2 

2 


, X .2 + 4>2 , \ Tr/i 

H-x-h 72 - 7i = 


2 cos 


(4.12) 


and in the second patch 


cosh arccos 


Tr h 
2 cos \ 


,X2 + 4>2 . 

H---h 72 - 71 = 


Tr h 
2 cosh y 


(4.13) 


5. D-branes in the Guadagnini-Martellini-Mintchev Model 

We begin by reviewing the model introduced in [|T2| and ||TT| (see also |[T^| ). This 
model is a kind of gauged WZW model based on a group G\ x (7 2 . The gauge group H acts 
in the folowing way: we choose subgroups Hi G G \ and II) G G 2 and take embeddings 
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errii : H —> II\ and em 2 : H —> H 2 . It is assumed that //1 and II 2 are the same 
subgroups of G\ and G 2 :H = H 1 — // 2 . The group H acts by the formula 


(91,92) -» (giemifh ),em 2 (h)g 2 ). 


(5.1) 


It was shown in [|l2j that the following action is invariant under ( |5.1|) : 


Sgmm = S(g\, ki ) + S(g 2 , k 2 ) + g 2 , k), 


(5.2) 


where S(gi,ki), i — 1,2 are the usual WZW actions ( |2.3| ) and 

Sint(gi, 92 ,k) = j ^xiTiiRo.g^df.g^TiiR'^g^ 1 ) 
+ e^Tr(R a g^g 1 )TT(R , a d u g 2 g^ 1 )). 


(5.3) 


Here R a and R' a are the generators of the Lie algebra of the subgroup H in G\ and G 2 
respectively. It is shown in |12| that for gauge invariance the coefficients entering in ( |5.2| ) 
should satisfy 

fci = kr', k 2 = kr, (5.4) 

where r and r' are given by the embeddings: 


Tr ( R a Rg ) = rS a g, Tv(R' a R' p ) = r’8 a g. 


(5.5) 


The conformal field theory defined by this sigma model was discussed in [|13[ , where the 
current algebra and the Virasoro algebra with a central charge value coinciding with that 
of the GKO construction for the coset ( G\ x G 2 )/H were found. 

Here we consider the case when the gauge group is an abelian group, parametrized by 
p: H — U(l) p . As before we assume that II\ is generated by a generator ai, II\ — e lXiai 
and H 2 by a 2 : H 2 — e* A2 “ 2 , and that the generators are normalized as usual: Tr a\ — 
Tra| = 2. In this case the gauge group acts as 


(. 9i:92 ) -> (9ihi, h 2 g 2 ), 


(5.6) 


where 


hi — emi(h p 1 ) — e~ , 
h 2 = em 2 {h p ) = e iqpa *, 


(5.7) 













h p G U(l) p and p and q satisfy the relation 


kip 2 = k 2 q 2 . 


(5.8) 


Now we consider the model in the presence of a boundary. We take the U(l) a group 
parametrized by a and consider embeddings em a ,i ■ U(l) a —> U( l)i, and em a ^ '■ 
U(l) a —> f 7 (l) 2 - We suggest the following boundary conditions: 

(fiP 1 92) | boundary — (mi(7i, m^C^), (5.9) 


where 


mi = em a p(m a ) — e *p( a +T'i)«i_ 

m 2 = em Qi 2 (m Q ) = e l| 3 , (a+72)a.2 


(5.10) 


and m Q G C/(l) a , Ci = hfili , C 2 — hf2^ 2 • The parameters p and q are the same as 
in ( |5.7|) • 71 and 72 are possibly quantized |7Tj] constants. These boundary conditions are 
invariant under ( [5. 1 | ) : 


(mihfi^ 1 ,m 2 l 2 f2l2 X ) —> (mihftl-L 1 h 1 , h 2 m 2 l2f2l2 *) 

= ((^im 1 )(^^ 1 Zi)/ 1 (/z^“ 1 Z 1 ) _1 , (h 2 m 2 )/2/2{ 2 " 1 )- 

We see that boundary conditions keep the form with modified parameters 


a 


a + p, 



(5.12) 


In the presence of a boundary we suggest the following action: 


•S'gmm = S(gi, hi) 


h. 1 w 2 ) 


47r 


uj {2) (m 1 ,l 1 ) + S(g 2 ,k 2 ) 


1 D 


h. I ,„( 2 ) 

47T 


' D 


j (m 2 ,/ 2 ) + S int (g 1 ,g 2 ,k). 

(5.13) 

Now we check that the action is invariant under ([5T]) accompanied by (|5.12|) . From the 


formula ( f>. 16| ) we easily derive the change of 1 S 1 and S 2 under a gauge transformation, 

A boundary S] = f T^h^ 1 dh 1 dm 1 m^ 1 ), (5.14) 

4tt J d 


Aboundary^ = _h. j Tr^ 1 d/i 2 dm 2 m 2 ‘ 1 ). 
4tt J d 


(5.15) 


which cancel each other as a consequence of the conditions (|5 . 7|) , (|5.10|) and 
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6. SU( 2) x SU(2)/U(1) GMM model 


We begin by describing this model following [[15 


The SU(2) group elements are parametrized as 


gi = exp(z0i a 3 ) exjp(i9i<j 2 ) exp(iipi cr 3 ), 
g 2 = exp(f</> 2 cx 3 ) exp(i9 2 a 2 ) exp(z^ 2 a 3 ). 


The gauge action of the U( 1) subgroup is defined by 


( 6 . 1 ) 


ipi ^ ipi-pe(z,z), 4>2 —> 4>2 + qe{z,z). 


( 6 . 2 ) 


In the parametrization ( |6.1| ) the action ( |5 . 2| ) is 

S = ix / d 2 x[k 1 (d ll 9 1 d ,x 9i + + d^d^ x + cos(20 1 )d At 0 1 d„V’i(77 /il/ + e^)) 

+ k 2 (d^9 2 d^9 2 + d/j.fcdVfc + d^d^ipz + cos(20 2 )<9 M 0 2 d^ 2 (77 /xl ' + e^)) 

+ /c 3 (cos(26»i)a At 0i + d /J ,ip 1 )(cos(29 2 )d„'ip2 + d fi ^ 2 )(if v + e^)}. 


(6.3) 


For the action to be invariant under (6.2) one needs to impose the following algebraic 
constraints: 

kip = k 3 q, k 2 q = k 3 p. (6.4) 


Multiplying these equation we obtain 


k 3 = \/kik 2 , p/q — \fk 2 fk\- 


(6.5) 


Fixing the gauge by setting <p 2 — 0 one gets a background whose metric is of the (non- 
Einstein) T 1,( 2 type 

ds 2 = k[d6\ + sin 2 9\d(p\ + Q 2 (d9 2 + sin 2 9 2 d<p 2 ) + (dip + cos 9\d(pi + Q cos # 2 d</> 2 ) 2 ], (6.6) 


where we have rescaled all variables by 1/2, renamed ip 2 —*► (p 2 , Vh —> ip and introduced 


Q = p/q = VkHh, k = k 1 . 


(6.7) 


The background also includes the antisymmetric tensor field 


B^ = fc cos 0i, Bfafo = kQ cos 0 3 cos 0 2 , B^ = —kQ cos 0 2 . 


( 6 . 8 ) 
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Now we are ready to present D-branes in this background and to compute the DBI action. 
The D-branes proposed in section 5 have the form 


(fih, ^boundary = (e~^ a +^ C 2 ) : 


(6.9) 


where C\ — /ii/i/ij -1 and C 2 — ^ 2 / 2^2 1 are conjugacy classes, /1 = e *^ 1<T3 and /2 = 
e*^ 2<T3 , and 0i, 02 belong to the set ( |2.8|) . Let us now find the equation describing this 
hypersurface. As before, we should find in the parametrization ( | 6 . 1 |) the angle a and 
equate both sides. Writing the boundary conditions as 


Tr(e ipl ' a+Jl ' )a3 gi) = 2 cos 0 i, 

( 6 . 10 ) 

Tr( e -A(«+ 72)^3 g2 ) = 2 cos 02 , 

( 6 . 11 ) 


from ( | 6 . 10 | ) and ( | 6 . 11 | ) we obtain 

cos (p(a + 71 ) + 0 i + 0 i) = 

and 

cos (~q(a + 72) + 0 2 + 02) = 
Eliminating a from ( |6.12|) and ( |6.13|) we get 


COS 01 

COS 01 ’ 

(6.12) 

COS 02 

COS 02 

(6.13) 


1 ( cos 01 

- arccos -— 

p \ COS 01 


01+01 1 [ COS 02 \ 02+02 

- 71 = — arccos -— H- 72 - (6.14) 

p q \ cos 02 / q 


Using now the gauge fixing condition 0 2 — 0, and rescaling and renaminig all the variables 
as before, we get the D-brane hypersurface on this T 1 A type space, 


. cos 02 \ 2 ( COS01 \ 01 + 0 . o / 1 

02 = arccos | -] + — arccos \ -)-—-h 2g(7 2 - 71), 


cos 


Q \ cos J Q 
where Q is defined in ( |6.7|) . As before 0i and 0 2 satisfy the inequalities 

01 f 02 f 

COS — > COS 01, COS — > COS 02- 
2 2 


(6.15) 


(6.16) 


The presence of the constant term q (72 — 71) reflects the invariance of the action ( |6.3| ) 
under the rotations 0 * —> 0 j + 0 j, 0 * —> 0 j + where 0 * and Si are constant angles, 
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i = 1,2. But, as noted in [19[ , in the gauged WZW models these symmetries are broken 
to some discrete subgroups. In the case in question we have 


7i = 


n i 


kip 2 ’ k 2 q 2 ’ 

where ni and ri 2 are integers, and using ( |6.5| ) we have for the last part 

2 n 


n 2 


(6.17) 


23(71 -72) = 


qk 2 


(6.18) 


where n — n\ — n 2 . We see that the branes ( |6.15| ) are specified by the three parameters 
ipi, ip 2 and n, in one-to-one correspondence with the primaries of the corresponding GKO 
coset model (577(2) x SU(2))/U(1). The last piece that we need for the computation of 
the mass of the D-branes is the field-strength. It can be derived from the field-strength 
for the corresponding branes on groups by imposing the gauge fixing condition. Using the 
formula fl2.11|) we have: 


k tan ^ cos Vh , ,, , ,. kQ 2 tan % cos ip 2 

F = — 2 dOiA(d(pi-(hp)- 


\J cos 2 — COS 2 Ip 1 


\J cos 2 — cos 2 ip 2 


d6 2 /\d(p 2 — kd(pi/\dip. (6.19) 


For further use we note that using (|6.15|) we can compactly re-write ( |6.19|) as 


F — —kQdo 1 (p 2 d6i A (dcpi — dip) + kQ 2 do 2 <p 2 d6 2 A dcp 2 — kdcpi A dip. 


We turn to the computation of the DBI action 


( 6 . 20 ) 


5 = 


\J det 02 (<7 + B + F), 


( 6 . 21 ) 


where <p 2 is the embedding ( |6.15| ) of the D-brane into the target space. We first compute the 
induced metric on the D-brane. Inserting ( |6.15| ) in ( |6.6|) we obtain the following elements 
of the induced metric G — cp^g'- 

Ge 1 e 1 = k + kQ 2 (d ei (p 2) 2 Gq^ = kQ 2 de 1 (p 2 de 2 <p 2 Ge 1( /, 1 = kQ (cos 9i cos 0 2 - 1)9^02 
Gg^ = kQd 0 l (p 2 ( cos 9 2 - 1) Gq 2 0 2 = kQ 2 ( 1 + ( de 2 cp 2 ) 2 ) Gq 2 ^ = kQde 2 (p 2 ( cos 0 2 - 1) 
Go 2( j> 1 = kQ(cos9 1 cos9 2 - l)d 02 (p 2 G#^ = 2k{l - cos9 1 cos9 2 ) 

— k + k cos 9\ — k cos 9 2 — k cos 9\ cos 9 2 Gpp = 2k(l — cos 9 2 ). 

(6.22) 
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Inserting ( |6.15|) in ( ji.(S| ) and ( |6.19| ) and adding this to ( |6.22 ) we obtain the following matrix 

r 2 ( 9 + B + F): 


k + kQ 2 (d ei (p 2 ) 2 
2kQ 2 d 6l 

2 kQd 0 1 (p 2 cos 61 cos 62 
2kQde 1 cj)2(cos02 - 1 ) 


0 

kQ 2 { 1 + ( de 2 fo ) 2 ) 

2 kQde 2 cf )2 cos 9 1 cos 9• 
2 kQde 2 (t >2 cos 0 2 


-2kQd 6l (t)2 
-2kQdo 2 (/)2 
2 k(l — cos 9 1 cos 92 ) 
2 k{l — cos # 2 ) 


0 

-2kQdo 2 (t>2 
2 /ccos 0 i(l — cos 6 * 2 ) 
2 k(l — cos 6 * 2 ). 

(6.23) 


Computing the determinant we obtain 


detcfr^ig + B + F) — 16 k 4 Q z 


sm 2 y + Q 2 (d ei (j)2) 2 COS 2 y 


sm' 


+ (de 2 (j) 2) 2 cos' 


9_2 
2 

(6.24) 


Finally, expanding the derivatives we get 


\J det (/>2 (g + B + F) = 4 k 2 Q 


sin 9 1 sin 02 


(6.25) 


2 (cos 9 1 — cos 2 , i/;iW 2 (cos 02 — cos 2 ^ 2 ) 


Now integrating ( |6.25|) we obtain the energy of the brane: 




-2^! 


r*47r 


-EdBI = 


d9 1 


cWo 


#1 


dif) \ i det^^g + B + F) — Qdk 2 QTT 2 sin^i sin'02. 
Jo Jo Jo Jo v 

(6.26) 

Let us compare this result with the CFT predictions. In a rational CFT the Cardy bound¬ 
ary states describing the D-branes are 


) c = ^2|L|!>», 




(6.27) 


where a and b label primaries, |6)) are the Ishibashi states, and S a j, is the modular- 
transformation matrix. The mass of a Cardy state is given by the coefficient of its b — 0 
Ishibashi component [|20| , [[21] : 


M c 


S , 


aO 




(6.28) 


00 


In the coset (SU(2) x SU(2))/U(1) the modular-transformation matrix is the product of 
the corresponding matrices of all the constituent groups. The S-matrix of SU(2) at level 
k is 

'( 2 i + l)( 2 j + l)n 


Sa = w 
13 v/ k + 2 


sm 


k + 2 


(6.29) 
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We want to compare the CFT mass prediction with the DBI result in the semiclassical 
limit of large k. In this limit 


Sip 

VSoo 


(2k + 4) 1 / 4 
7r 


sin ip. 


(6.30) 


where ip is defined in ([278]) . Collecting everything we obtain that according to the CFT 
computations in the semiclassical limit the mass of the D-brane specified by ipi and ip 2 is 


Me ~ sin ip 1 sin ip 2 


(6.31) 


in agreement with the DBI result (|6.26|) . 
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